Abstract-This paper presents an approach for the model order reduction of fully parameterized linear dynamic systems. In a fully parameterized system, not only the state matrices, but also can the input/output matrices be parameterized. The algorithm presented in this paper is based on neither conventional momentmatching nor balanced-truncation ideas. Instead, it uses "optimal (block) vectors" to construct the projection matrix, such that the system errors in the whole parameter space are minimized. This minimization problem is formulated as a recursive least square (RLS) optimization and then solved at a low cost. Our algorithm is tested by a set of multi-port multi-parameter cases with both intermediate and large parameter variations. The numerical results show that high accuracy is guaranteed, and that very compact models can be obtained for multi-parameter models due to the fact that the ROM size is independent of the number of parameters in our approach.
I. INTRODUCTION
Design and process parameter variations need very careful consideration in submicron digital, mixed-signal and RF analog integrated circuit design. Parameterized model order reduction (PMOR) techniques can generate compact models reflecting the impact induced by design or process variations. Such techniques have become highly desirable in the EDA community in order to accelerate the time-consuming design space exploration, sensitivity analysis and automatic synthesis.
Several PMOR techniques have been developed for both linear and nonlinear circuits. Most are based on moment matching techniques [1] - [10] due to their numerical efficiency. These algorithms normally assume that the closed forms of the parameterized state-space models are given, or that the parameters' statistical distributions are known. Using similar assumptions, the positive-real balanced truncation method [11] has also been modified to account for parameterized interconnect model reduction [12] , [13] . However, in many cases the designers do not know the exact symbolic forms of the parameterized circuit equations. As a result, neither moment matching nor positive-real balanced truncation can be used in the PMOR flow. A numerically efficient and flexible method is the variational PMTBR scheme [14] , which starts from the state-space model and uses a cheap sampling scheme to approximate the Gramian matrix. This approach is capable of preserving passivity for symmetric systems (such as RC circuits), but not for general RLC interconnect models. When the system equations are not available, one can treat the original model as a black box, and then use system identification techniques to construct macromodels from simulated or measured data by, for example, quasi-convex optimization [15] , [16] or interpolation methods [17] .
In all of the above-mentioned PMORs, the input and output matrices are non-parameterized. This assumption is true for many model order reduction (MOR) problems, when the input (or output) matrix only represents the fixed positions of the excitation (or output) signals. Nevertheless, if one attempts to analyze the higher-order nonlinearity of parameterized analog/RF circuits, the input matrices of the resulting linearized model may be parameter-dependent. A typical example comes from the Volterra-series based nonlinear circuit modeling [18] - [21] . The input matrix can also be parameterized when the input signal is posed into a network after being processed by a parameter-dependent block (such as a MEMS sensor). Unfortunately, for these systems that involve both parameterized state matrices and parameterized input/output matrices, no MOR solutions have been reported in the EDA community. This paper proposes a method for the MOR of fully parameterized systems with possibly parameter-dependent input/output matrices. This method is not based on existing moment matching or balanced truncation. Instead, it generates some "optimal (block) vectors" by recursive least square (RLS) optimization to construct the projection matrix, through minimizing the error in the whole parameter space (c.f. Section III). By this error minimization procedure, high accuracy can be guaranteed; very small reduced-order models (ROM) can be obtained for multi-parameter models, since in our approach the ROM size does not depend on the number of parameters. When large parameter variations are involved, the RLS method can generate highly accurate ROMs after parameter space partitioning (c.f. Section IV). Our algorithm does not need the closed forms of the parameterized circuit equations, thus it has wider application areas than existing moment matching based PMORs. Besides, since Taylor expansion is not used to approximate the parameterized system matrices, the positive semi-definite structures of some systems are preserved, which implies passivity preservation for parameterized RLC interconnect models.
II. MOTIVATION AND PROBLEM FORMULATION A. Fully Parameterized Linear Dynamics
In this paper, we consider the multi-parameter linear timeinvariant (LTI) parameterized dynamic system ( )˙( ) = ( ) ( ) + ( ) ( ), ( ) = ( ) ( ) (1) Fig. 1 . Block diagram of a fully parameterized LTI system. The input ( ) is converted by a parameter-dependent transformer before being fed to an LTI network which has input signals. This system is a fully parameterized LTI model when we consider the signal path from ( ) to ( ).
where ( ), ( ) ∈ ℝ × are state matrices, ( ) ∈ ℝ × and ( ) ∈ ℝ × are the input and output matrices, respectively. Here ∈ ℝ is a vector representing design or process parameters that influence the system equations.
The main difference with the work in the existing literature is that in our approach we assume that the input and output matrices in (1) can be parameterized. To distinguish our model from the ones with non-parameterized input/output matrices, we refer to (1) as a fully parameterized model. The fully parameterized model can be interpreted as follows: the input signal ( ) is first converted toˆ( ) ∈ ℝ by a transformer ( ), whose performance depends on some parameters , before being injected into an LTI network, as shown in Fig. 1 . The parameter-dependent ( ) can represent many kinds of signal processing units in the real world, such as a voltage-controlled current source, a MEMS sensor that converts chemical or optical signals to electrical signals, etc.
Fully parameterized models may also appear when we analyze some systems with non-parameterized input matrices. For example, in RF circuit analysis the parameter-dependent nonlinear circuit equatioṅ
can be approximated by the Volterra series
around an operating point, where ( ) ∈ ℝ × is the thorder derivative matrix and ⊗ denotes the Kronecker tensor product. It has been shown in [18] , [19] that the first-through third-order response components of can be obtained by solving the following linear systems, respectively,
which are very useful for signal distortion or inter-modulation analysis in analog/RF circuit design. Obviously, the linear systems corresponding to 2 and 3 are fully parameterized LTI systems with parameter-dependent input matrices. More interesting fully parameterized models can be found in the real-world applications.
B. Fully Parameterized Model Order Reduction
To speedup the computer-aided simulation, we aim at constructing a very small (for example, size-, with ≪ ) fully parameterized reduced-order model (ROM)
The resulting ROM should approximate the original input/output relationship with high accuracy when the parameter varies in a specific range. A popular method is to select an appropriate projection matrix to construct the ROM by
such that the ROM's parameterized transfer function
is close to the original one for any within a specified variation range. Many PMOR methods have been proposed to reduce the simpler systems with non-parameterized input and output matrices, such as moment matching [1] - [6] , [8] , [10] , positive-real balanced truncation [12] , [13] and the sampling based variational PMTBR [14] .
To the best knowledge of the authors, however, no results have been reported in the EDA community to reduce fully parameterized models whose input and output matrices are also parameterized. In the following sections we will present a fully parameterized MOR algorithm subject to the following requirements:
• It can be applied even when the input/output matrix is parameterized; • It can be applied even when the symbolic expression of the system matrices are unknown, which usually happens when (1) is extracted from a transistor-level SPICE netlist and are some parameters in the complex semiconductor device models, or when the parameter dependence is shown by a look-up table or a measurement data sheet; • It can be applied even when the parameter variation is large, and it generates a parameterized ROM whose size is independent of the number of parameters; • It preserves passivity for the positive semi-definite structured systems (e.g., those generated by modified nodal analysis formulations).
III. RECURSIVE LEAST SQUARE BASED FULLY PMOR

A. Main Idea
In our approach we assume that all entries of the parameterized system matrices are continuous functions of . This assumption is reasonable for many physical systems, and it is less conservative than the assumptions in previous PMOR algorithms where all entries in the system matrices are given as symbolic forms or every entry is differentiable with respect to (w.r.t) in the moment matching flows 1 . In the frequency domain, we have
We know that the transfer function from ( ) to the state variable ( , ), denoted as ( , ), is obtained from solving the linear equation
Inspired by the rational Krylov subspace method [22] for the linear MOR of non-parameterized systems, we know that if we can get ( , ) at a set of frequency points and form a projection matrix such that
then an accurate ROM can be constructed. Unfortunately, we cannot compute the closed forms of the parameterized (block) vectors ( , )'s. Furthermore, it is normally impossible to orthonormalize these vectors even if they are computable for some specially-structured parameterized systems. Alternatively, we can seek for a set of non-parameterized (block) vectorˆ( )'s that are "close" to ( , )'s under some accuracy criteria. If we substitute any non-parameterized (block) vector ( ) ∈ ℂ × back into (9), a parameterdependent residual (block) vector is obtained:
which could be used for error estimation. Then we can seek for a non-parameterized (block) vectorˆ( ) "close to" ( , ), such thatˆ( ) is an optimizer to the following problem
Here ⊆ ℝ denotes the parameter space, ( ) is the -th coordinate of , and ∥ ∥ represents the Frobenius norm of a matrix ∈ ℂ 1 × 2 :
The optimization problem (12) implies thatˆ( ) is the nonparameterized (block) vector that is "nearest" to the parameterized ( , ), ifˆ( ) is selected such that the error [which is measured by the Frobenius norm of the residual matrix in (11)] is minimized in the whole specified parameter space.
Algorithm 1 Fully PMOR Flow 1: Solve the optimization problem (12) at frequency point to obtainˆ( ) for = 1, 2, ⋅ ⋅ ⋅ , 2: Construct the projection matrix such that range( )=colspan
Construct the fully parameterized ROM by (6).
Our fully PMOR is summarized in Algorithm 1. The key point is that the set of (block) vectors used to construct the projection matrix are obtained by solving an error minimization problem, instead of using the conventional moment matching, balanced truncation or sampling schemes. The main difficulty of this fully PMOR flow is the numerical solution of the optimization problem (12) .
B. Reformulating Problem (12)
Since the parameterized system matrices are assumed to be continuous functions of , the integration in (12) can be computed after discretizing the parameter space. Note that the variation range of each element of can be characterized by its lower bound and upper bound, then the whole parameter space can be discretized by the following procedures.
1) The whole parameter space is represented by two vectors and of length , such that
2) For each parameter ( ), its variation range (i.e.,
[ ( ), ( )])can be segmented into uniform intervals. For ( ), the length of each interval is decided as
3) Meanwhile, the above segmentation procedure would partition the whole parameter space into = 
Algorithm 2 has given the pseudo codes of calculating . With , the -th -dimensional box ℬ( ) can be specified as
in the -dimensional parameter space . 4) The volume of each box is
5) The geometric center of the -th box ℬ( ) is a point ( ) in the -dimensional space, whose -th coordinate is ( ) + ( + 0.5)Δ .
After discretization, the integration in problem (12) 
(17) Since Δ is a positive constant, now the original optimization problem can be reformulated as
Problem (18) is solvable and can be easily tackled by the recursive least square (RLS) optimization in Section III-C.
To illustrate the discretization flow, an example with a 2-D parameter space is given in Fig. 2 . The extension to 3-D and higher-dimension parameter spaces is straightforward.
Algorithm 2
Compute the companion vector of . . We use 1 = 3 and 2 = 2, which segments the range of (1) into 3 intervals with Δ 1 = 1 and the range of (2) into 2 intervals with Δ 2 = 0.9. Meanwhile, the whole parameter space is partitioned into 3×2 = 6 two-dimension boxes (which are panels in the 2-D parameter space), and each box's volume is Δ = 0.9. 
C. RLS Optimization
In this section we present a method to solve problem (18) . First, we denote the -th columns of ( ) and (¯( ) ) by ( ) and (¯( ) ) , respectively. It is straightforward to show that
where
is the 2-norm defined for any vector ∈ ℂ . As a result, problem (18) can be rewritten as
Let
It is clear that for any integer ∕ = (1 ≤ ≤ ), the value of ( ( )) is independent of ( ). Therefore, the cost function of (18) is minimized if ( ( )) is minimized for = 1, ⋅ ⋅ ⋅ , respectively, with ( ) as the variable. From this observation, it is clear that the -th column ofˆ( ) can be decided by finding the optimizer to the problem (22) is solved for = 1, ⋅ ⋅ ⋅ , , then all columns of the "optimal block vector"ˆ( ) can be obtained.
Next we give the recursive least square (RLS) theorem.
can be written aŝ 
from which we haveˆ=
.
According to the above theorem, we know that the optimizer for the RLS problem in (22) iŝ
is a nonsingular matrix, if the original dynamical system is stable and
is positive definite, so the matrix inversion in (26) is well posed.
Finally, the "optimal (block) vector"ˆ( ) is obtained aŝ
D. Algorithm Summary
Assume that frequency points 1 , ⋅ ⋅ ⋅ , are used in the fully PMOR flow, the original system has parameters, its original model size is , and for parameter its variation range is uniformly segmented into intervals. The details of our fully PMOR is are given in Algorithm 3. 
calculate the companion vector of ; 6: decide¯( ); 7: update ℳ:
update
end for 10: computeˆ( ) = ℳ −1 ℬ; 11: update : ← [ ,ˆ( )]; 12: end for 13: orthonormalize the column vectors of such that range( ) = colspan { }; 14: construct the fully parameterized ROM by (6).
The main computational cost comes from solving the linear system with right-hand sides in Line 10, at a cost similar to that of Krylov-subspace based moment matching for nonparameterized systems [23] . The matrix-matrix and matrixvector products in lines 7&8 are very cheap in circuit simulation, because the resulting matrices are normally very sparse. The proposed fully PMOR has the following properties:
• At each frequency point only one (block) vectorˆ( ) is selected in the whole parameter space, so much redundant information is eliminated, which helps keep the ROM size small. Besides, the ROM size is also independent of the parameter number and the discretization scheme 3 ;
• We only need the numerical values of the system matrices when is the center of each box in the discretization scheme. Therefore, our algorithm is also applicable when the parameter dependence is given as a look-up table. For the models from semiconductor circuits, one can use a SPICE parser to get the numerical values at the parameter points of interest, even if the parameter dependence inside the device model is not explicitly known; • No Taylor expansion around the nominal value of is used, therefore the positive semi-definite structure of MNA equations can be preserved for interconnect simulation. This means that passivity is also guaranteed.
IV. DEALING WITH LARGE VARIATIONS
A. Parameter Space Segmentation
When the parameter variation range is very large, the resulting ROM may not be as accurate as required. One solution is to use a finer discretization when computingˆ( ), by increasing the segmentation numbers of some parameters. This is helpful when the parameter space is "intermediate" or not "very" large. But when the discretization scheme is accurate enough, we cannot further improve the accuracy by using a finer discretization scheme. This is because the theoretically minimal error in (12) will grow when the parameter space increases. In such a case, we can segment the whole parameter space into several smaller spaces before using Algorithm 3.
There does not exist a theoretically sound guideline on how to segment the original parameter space . One possible parameter space segmentation procedure is given below. 1) We first use Algorithm 3 to generate a fully parameterized ROM for the parameter space ; 2) We see the center of (denoted asˆ0 = + 2 ) as the nominal point. After that, we compute the transfer function of system (1) at a set of frequency points 1 , ⋅ ⋅ ⋅ , in the specified frequency band, with =ˆ0.
The computed "nominal" transfer functions are denoted as ( ,ˆ0), with = 1, ⋅ ⋅ ⋅ , . 3) We evaluate the effect induced by the variation of each parameter. For ( ), we increase 's -th coordinate from ( ) to ( ) with a step size ( )− ( ) ( is a positive integer), while keeping other coordinates nominal (i.e., identical to those ofˆ0). By doing so, we get parameter points along the direction ⃗ in the parameter space (⃗ is the -th column of the × identity matrix). For each parameter point denoted by ,ˆ( witĥ = 1 ⋅ ⋅ ⋅ , ), we compute the ROM's transfer functions at the frequency points used in Step 2), and denote the result as ( , ,ˆ) . Then we can get a × error estimation matrix for parameter ( )
4) From Θ , we estimate the ROM's error that is induced by ( )'s variation bŷ = maxˆ, , forˆ= 1, ⋅ ⋅ ⋅ , and = 1, ⋅ ⋅ ⋅ , (30) which represents the largest sampling error in the frequency-parameter space. We can also use another error estimator
which represents the average sampling error in the frequency-parameter space of + 1 dimensions. 5) We repeat the steps from 3) to 4) to get the error estimator for each parameter coordinate [i.e.,ˆ1 for (1), ⋅ ⋅ ⋅ ,ˆfor ( )]. 6) We assume thatˆis the largest one among the obtained error estimators. Ifˆis larger than an error tolerance , we segment the range of ( ) into two sub-ranges [ ( ),
] and [
, ( )]. Meanwhile, the original parameter space is portioned into two parts 1 and 2 by this segmentation. Ifˆ≤ , we do not partition the parameter space. 7) We repeat the above procedures to further partition the obtained smaller parameter spaces, if necessary.
The parameter space segmentation can also be performed with some empirical experience, which is less mathematically sound but practically effective. In practical problems, many parameters fluctuate in a small range (such as the dielectric constant of the metal interconnects, the threshold voltage of MOS transistors), and a few of others have larger variation ranges (e.g., the width and length sizing of interconnects or transistors in the design phase). Therefore, one can first segment the variation ranges of several parameters whose ranges are "obviously" large based on the design experience. If the result is not good enough, one can further consider the above-mentioned segmentation scheme.
B. Constructing Reduced-Order Models
After parameter space segmentations, we may get ℎ sub parameter spaces 1 , 2 , ⋅ ⋅ ⋅ , ℎ . For each of them one can use Algorithm 3 (precisely, Lines 1-12) to get ℎ matrices ∈ ℂ × , with = 1, 2, ⋅ ⋅ ⋅ , ℎ. With these matrices, we can construct parameterized ROMs in different ways.
1) Multiple ROMs: each is orthonormalized to form , which is stored in a look-up table. Then using different 's, one can get ℎ different ROMs by (6) . We denote these ROMs by Σ 1 , Σ 1 , ⋅ ⋅ ⋅ , Σ ℎ respectively. Then in the subsequent simulation, one can use Σ to perform fast ROMbased simulation if the given parameter is inside the smaller parameter space . The parameter point may belong to several sub parameter spaces if it is located on the border. In such a case any Σ satisfying ∈ can be used.
2) Single ROM:
To eliminate the possible redundant information, the dominant eigenspace of is extracted to form the projection matrix . Power iterations could be used to extract the dominant eigenspace of , but it may be inaccurate when the largest eigenvalue of is not distinct. Assuming that we want to span the column space of the firstˆdominant eigenvectors of (ˆ< ℎ ≪ ), the following procedures can be used:
• Perform singular value decomposition (SVD) for the much smaller-size matrix , obtaining
since is a Hermitian positive semi-definite matrix. In the SVD result, is a unitary matrix, and 1 ≥ ⋅ ⋅ ⋅ ≥ ≥ 0 are the singular values of .
• Compute the projection matrix by
whereˆdenotes the firstˆcolumns of . Through the SVD of , one can prove that = and range( ) spans the column space of the first dominant eigenvectors of . When ℎ ≪ , the cost of computing is negligible. This procedure can also be used in Algorithm 3 to form , if we need even smaller parameterized ROMs.
We use the second approach to generate single parameterized ROM. The pseudo codes are given as Algorithm 4. 
Algorithm 4 RLS-based fully PMOR with
V. NUMERICAL RESULTS
We use several multi-port fully parameterized RC circuits with very large parameter variations to test the proposed RLS optimization-based fully PMOR scheme. All experiments are implemented in Matlab and performed on a 3.3GHz 4-GB RAM workstation. Note that our algorithm is applicable to more general cases (such as RLC circuits, linearized models from nonlinear circuits and MEMS devices), since we have not posed any restrictions on the structure of the system equations.
A. Experimental Setup
The circuit configuration in Fig 3 (a) is used to build multiport multi-parameter fully parameterized benchmarks. OTA 1-4 are four Operational Transconductance Amplifiers that convert input voltage signals to output currents. We assume that their 3dB frequencies are much higher than the frequency we are interested in, then the OTA gains are some functions of the temperature which influences transistor threshold voltages. Their gains are given as 1 ( ), 2 ( ), 3 ( ) and 4 ( ), respectively, by some data sheets. Four coupling metal lines connect the OTAs to the loading networks. We assume that the 4 lines have the same width , and the same spacing between adjacent lines. As shown in Fig. 3 (b) , 250 parameter-dependent coupled RC segments are used to model the metal lines, whose per-unit-length (p.u.l.) resistor, p.u.l. ground capacitor and p.u.l. coupling capacitor vary with and . Since the metal resistivity varies with temperature, the p.u.l. resistor also depends on . Each loading network is modeled by a non-parameterized RC pair. For simplicity, we assume that the temperature profile is uniform. The input voltages are injected into the OTAs. We attempt to find the voltage gains from the OTA inputs to the far end of each metal line. Fig. 3 . The original problem size is 1004. 
B. Accuracy Verification of RLS-based Fully PMOR
We first test the RLS-based fully PMOR (Algorithm 3) with variations of moderate range. The parameter space is listed in the 2nd row of Table I , where 0 , 0 and 0 denote the nominal parameter values. Three test cases given in Rows 3-5 are used to verify the constructed parameterized ROM. In the RLS flow, 10 frequency points from 200Hz to 10 9 Hz are used. In the discretization scheme, each parameter range is divided into 2 intervals, which means that 8 "boxes" are used to compute eachˆ( ). To make the ROM compact, we extract the dominant eigenspace of , and a size-10 parameterized ROM is generated for the parameter ranges specified in the second row of Table I . Fig. 4 For comparison, we also implemented the sampling based scheme in [14] with some modifications. In [14] , the input matrix is fixed. In our experiments, the input matrix is updated as changes, but we do not change any other procedure of [14] . For each frequency point, 27 block vectors ( , ) are produced at 27 parameter points. A size-20 parameterized ROM is generated. The results in Fig. 5 (b) show that the relative errors from [14] are about 3 orders of magnitude higher than those from RLS optimization [c.f. Fig. 4 (b) ], even though the ROM size from [14] is 2× larger than that from our RLS-based fully PMOR. The relative errors are several orders of magnitude larger than those from our Algorithm 3 [as shown in Fig. 4 (b) ].
C. Large-Variation Models
In this section we test Algorithm 4 on some models experiencing larger parameter variations (c.f. Table II) . As shown in the 2nd row of Table II, the variation ranges of interconnect First, we segment the variation ranges of both and into 2 sub-ranges (and here we do not segment the range of ), generating 4 smaller parameter spaces. Then we use 10 frequency points and employ Algorithm 4 to construct a size-20 parameterized ROM. In Fig. 6 , the resulting ROM's transfer functions under different parameter settings are still indistinguishable from the ones of the original models. For all of the three test cases (cases 4-6 in Table II), the relative errors are all below 10 −7 when the frequency is below 10 8 Hz.
VI. CONCLUSION In this paper we have proposed a PMOR scheme for fully parameterized systems with possibly parameter-dependent input/output matrices. Instead of using moment matching or balanced truncation, an error minimization procedure is proposed to construct the projection matrix. Such a procedure is reformulated as a recursive least square problem and then efficiently solved. Since the optimization can eliminate much redundant information and is independent of the number of parameters, our approach can construct high-accuracy models with small ROM size for systems with large numbers of parameters. For systems with large parameter variations, parameter space segmentation can help improve the accuracy. Additionally, the proposed approach can preserve passivity for positive semidefinite structured systems. Our algorithms have been tested by a set of multi-parameter fully parameterized models, and have obtained both high accuracy and small ROM sizes. ACKNOWLEDGEMENT This work has been partially supported by the Mathworks Fellowship and the MIT/Masdar Institute Cooperative Program.
